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Aaron J. Amsel and Geoffrey Compe`re
Department of Physics
University of California, Santa Barbara
Santa Barbara, CA 93106, USA
We give a general analysis of AdS boundary conditions for spin-3/2 Rarita-Schwinger fields and
investigate boundary conditions preserving supersymmetry for a graviton multiplet in AdS4. Linear
Rarita-Schwinger fields in AdSd are shown to admit mixed Dirichlet-Neumann boundary conditions
when their mass is in the range 0 ≤ |m| < 1/2lAdS . We also demonstrate that mixed boundary
conditions are allowed for larger masses when the inner product is “renormalized” accordingly with
the action. We then use the results obtained for |m| = 1/lAdS to explore supersymmetric boundary
conditions for N = 1 AdS4 supergravity in which the metric and Rarita-Schwinger fields are fluctu-
ating at the boundary. We classify boundary conditions that preserve boundary supersymmetry or
superconformal symmetry. Under the AdS/CFT dictionary, Neumann boundary conditions in d = 4
supergravity correspond to gauging the superconformal group of the 3-dimensional CFT describing
M2-branes, while N = 1 supersymmetric mixed boundary conditions couple the CFT to N = 1
superconformal topologically massive gravity.
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I. INTRODUCTION
Supergravity theories can be understood as low energy approximations to string theory. This has led via the
AdS/CFT correspondence (see the review [1]) to the recognition that supergravity theories are dual to conformal field
theories in the planar limit and at strong coupling. In the usual formulation of the AdS/CFT correspondence, the
2leading order coefficients in the radial expansion of bulk fields near the boundary are held fixed. These coefficients,
hereafter referred to as “boundary fields,” are then interpreted as sources for dual operators in the boundary CFT.
Deforming the boundary conditions corresponds on the field theory side to multi-trace deformations of the CFT
action [2, 3]. A systematic analysis of boundary conditions for linear matter fields around AdS has been performed
for spin-0 fields [4–7], spin-1/2 fields [4, 5, 8], and spin-1 fields [4, 5, 7, 9]. For bulk scalar supermultiplets in AdS,
these results were used to classify the supersymmetric multi-trace deformations of the corresponding dual CFTs in
[8, 10]. In this work, we will be interested in supersymmetric boundary conditions for the graviton multiplet, which
contains a spin-3/2 Rarita-Schwinger fermion. Rarita-Schwinger fields in AdS with the standard Dirichlet boundary
conditions have been extensively studied [11–17], though no complete treatment including more general boundary
conditions has been developed. Hence, the first aim of this paper is to fill this gap.
Using the standard definition of the symplectic structure, it is generally accepted that the leading mode of the
graviton close to the conformal AdS boundary is “non-normalizeable.” However, a detailed examination of linearized
gravitons around AdS [7] indicated that a more interesting treatment is possible for some graviton modes in d = 4, 5, 6
spacetime dimensions. This hint motivated the work [18] where, perhaps surprisingly, it was shown that alternative
“Neumann-type” boundary conditions (in which the boundary metric is dynamical) exist for the full non-linear gravity
theory in any dimension (see also related comments in [9, 19–21]). Varying the “non-normalizeable” part of the bulk
metric turns out to be allowed once the symplectic structure is renormalized accordingly with the action. In short,
all infinities appearing in the standard symplectic structure are canceled by the contributions of the counterterms.
The second aim of this paper is to analyze boundary conditions for Rarita-Schwinger fields using the renormalized
symplectic structure. Once the renormalization has been performed, modes that were previously considered as “non-
normalizeable” are now allowed to fluctuate. This step will allow us later in the paper to extend the Neumann
boundary conditions for gravity to supergravity. For minimal supergravity in AdS4, the standard Dirichlet boundary
conditions were shown to preserve supersymmetry on the boundary in [10].
Allowing the boundary metric to fluctuate corresponds to varying the metric on which the CFT lives, i.e., to
considering the induced gravity of the dual CFT. The resulting boundary gravity theory is non-local in the metric
or, equivalently, admits an infinite expansion in higher curvature terms. In the simple example of two dimensions,
conformal invariance dictates that the effective action of any CFT is the Polyakov action [22]. Higher-derivative gravity
theories are generically plagued with a lack of unitarity [23]. However, quite remarkably, the induced gravity theories
obtained in odd boundary dimensions (d− 1) were shown to be ghost and tachyon free around a flat boundary1 [18].
The simplest such theory is the dual to four-dimensional Einstein gravity with negative cosmological constant. As the
precise mapping between strongly coupled CFTs and gravitational theories generally requires a large amount of bulk
supersymmetry, it is a natural step to extend the pure gravity results of [18] to N = 1 AdS4 supergravity [26, 27]2.
To analyze boundary conditions for this theory, we follow the holographic renormalization procedure [31–33].
The bulk fields of supergravity theories with negative cosmological constant generically induce conformal super-
gravity multiplets at the conformal boundary. In particular, it was noticed soon after the emergence of AdS/CFT
that the gauged d = 5, N = 8 supermultiplet in the bulk induces the d = 4, N = 4 conformal supermultiplet at the
boundary [34, 35]. In d = 3, (p, q)-multiplets generate two-dimensional (p, q)-conformal supermultiplets at the bound-
ary (for p, q ≤ 2) [36], while in the less studied gauged d = 6 F (4) supergravity, the boundary fields form a N = 2
superconformal multiplet [37, 38]. One can also argue that gauged d = 4, N = 8 supergravity will induce the d = 3,
N = 8 conformal supermultiplet at the boundary. Indeed, it has been shown recently that N = 8 superconformal
gravity can be coupled to Bagger-Lambert-Gustavsson theory [39], which is closely related [40] to the CFT dual of
M-theory on AdS4 ×C4/Zk [41]. In this paper, we will show that at least the N = 1 conformal supermultiplet [42] is
induced at the conformal boundary of minimal supergravity.
The outline of this paper is as follows. Section II is devoted to linear Rarita-Schwinger fields in d spacetime di-
mensions. After reviewing general properties of spin-3/2 fields in AdS, we analyze admissible boundary conditions
with respect to both the standard symplectic structure and the renormalized symplectic structure. In the last subsec-
tion, we review the standard Euclidean propagator for spin-3/2 fields with Dirichlet boundary conditions. We then
determine the corresponding propagator in the Neumann theory and discuss the presence of tachyons. In section III,
we implement the holographic renormalization procedure for d = 4 minimal supergravity. In particular, this requires
solving the equations of motion asymptotically and finding the allowed asymptotic gauge transformations. We then
discuss renormalizing the action by adding certain boundary counterterms and show that the action is invariant under
1 For even dimensional boundaries, the theories contain both tachyons and ghosts around flat space. However, the theory may be still be
stable in some parameter region around de Sitter space, which may have consequences for certain inflation models [24, 25].
2 Boundary conditions imposed at a finite value of the radial coordinate have been studied recently in supergravity with zero cosmological
constant [28–30]. In this current work, the boundary is at infinity.
3supersymmetry, special conformal supersymmetry, and Weyl transformations at the boundary. Section IV contains a
summary of our results and a discussion of unitarity in theories with Neumann boundary conditions.
A. Preliminaries
Before restricting to any specific theory, we review the general definition of the symplectic structure. This formalism
will be applied to the theory of spin-3/2 fields linearized about AdS in section II and to AdS supergravity in section
III. Conventions used throughout this work are summarized in appendix A.
In AdS spacetimes, one must be careful to choose boundary conditions that lead to a well-defined bulk theory. This
means in particular that the bulk symplectic structure is both finite and conserved. In general, the first variation
of a Lagrangian density (written as a d-form) for a set of fields φ can be expressed as δL = E · δφ + dθ , where the
equations of motion of the theory are E = 0, and dθ corresponds to surface terms that would arise from integrating
by parts. Now, let Σ be a constant time hypersurface with unit normal tµ. Then, for linearized solutions δ1,2φ, the
standard symplectic structure on Σ is
σΣ(φ; δ1φ, δ2φ) =
∫
Σ
ω(φ; δ1φ, δ2φ) , (1.1)
where we have defined the standard symplectic current (a (d− 1)-form ) as
ω(φ; δ1φ, δ2φ) = δ1θ(φ; δ2φ)− δ2θ(φ; δ1φ). (1.2)
For scalar fields, σΣ(φ; δ1φ, δ2φ) is just the familiar Klein-Gordon inner product.
It is well-known that the symplectic potential, θ, admits an ambiguity in its definition given by θ → θ+ dB, where
B is an arbitrary (d − 2)-form. This leads directly to a corresponding ambiguity in the definition of the symplectic
current (1.2). However, it has been suggested in [18] that this ambiguity can be fixed once the action has been
“renormalized.” This refers to the fact that the subtraction of divergences in the action by diffeomorphism-invariant
boundary terms
∫
I
Lct[φ∗] is required in order to render the action finite on-shell and to define the boundary stress-
tensor [31, 43, 44]. Here we denote the AdS conformal boundary by I and the induced fields on the boundary
collectively by φ∗. Now, these boundary terms generally contain time derivatives of the boundary fields and therefore
should contribute to the symplectic structure3. In addition, non-minimal (finite) terms may be added to the boundary
action and should also contribute to the boundary dynamics. To see this, we first define θct[φ∗] by the variation formula
δLct =
δLct
δφi∗
δφi∗ + d∗θct[φ∗; δφ∗], where d∗ is the induced exterior derivative on surfaces of constant radial coordinate.
We then define the corresponding renormalized symplectic current as
ωren = ω + dωct , (1.3)
where ωct = δ1θct[φ∗; δ2φ∗]− (1↔ 2), and dωct is an arbitrary smooth extension of d∗ωct away from the boundary.
For odd dimensional boundaries, this definition will be independent of the choice of radial foliation. However, for even
dimensional boundaries the renormalized symplectic structure may depend explicitly on the radial foliation because
of the conformal anomaly.
In general, varying the renormalized action yields a finite expression of the form δS =
∫
I d
d−1xπi∗δφ
∗
i , which defines
the fields πi∗ that are conjugate to φ
∗
i . The renormalized symplectic flux through the boundary is then given by the
finite expression
Fren =
∫
I
ωren =
∫
I
dd−1x
(
δ1π
i
∗ δ2φ
∗
i − (1↔ 2)
)
. (1.4)
Note that since ω and ωren differ only by a boundary term, it is possible to deduce the integrand in (1.4) from the
original Lagrangian L. However, the counterterms are needed to remove the divergences occurring at the boundaries
∂I. In order to ensure that the symplectic structure is conserved, i.e. that Fren = 0, we have to impose either
Dirichlet (φ∗i fixed), Neumann (π
i
∗ fixed), or mixed (π
i
∗ =
δW [φ∗i ]
δφ∗i
for some arbitrary function W ) boundary conditions.
3 In the case of Einstein gravity, the Gibbons-Hawking and cosmological boundary terms do not provide a contribution to the symplectic
structure, while the boundary Einstein and higher curvature actions do contribute [18].
4Let us consider a spacetime region bounded by two constant time slices Σ1,Σ2 whose boundaries ∂Σ1 ≡ S1,
∂Σ2 ≡ S2 are Sd−2 spheres4. Since the symplectic current is closed on-shell, we can write the flux in the form
Fren = σΣ2,ren − σΣ1,ren , (1.5)
where the symplectic structure associated with a t = constant hypersurface Σ is given by
σΣ,ren(φ; δ1φ, δ2φ) =
∫
Σ
ω(φ; δ1φ, δ2φ)−
∫
∂Σ
ωct(φ∗; δ1φ∗, δ2φ∗) . (1.6)
We see that the renormalized symplectic structure (1.6) differs from the standard symplectic structure (1.1) only
when boundary fields are allowed to vary. Now, it was found in [18] that when φ is the metric field, this boundary
contribution cancels the divergences appearing in the standard symplectic structure. This result is expected to hold in
general. Below, we indeed verify explicitly the cancelation of divergences for a large range of parameters in the linear
spin-3/2 theory. In that sense, the renormalized symplectic structure extends the standard definition by transforming
“non-normalizeable” modes into “renormalized” modes.
II. RARITA-SCHWINGER FIELDS IN ADSd BACKGROUND
We now consider the linearized theory of spin-3/2 fermions in AdSd, i.e., the fields propagate on a fixed AdS
background. After providing general asymptotic solutions to the Rarita-Schwinger equation, we then analyze normal-
izeability of the solutions with respect to the standard symplectic structure and the renormalized symplectic structure.
To conclude, we briefly discuss several interesting features of the spin-3/2 boundary propagator.
A. “Massive” Rarita-Schwinger fields
We now review the massive Rarita-Schwinger equation in AdS spacetime. The most general Rarita-Schwinger
action in d spacetime dimensions is
S = N
∫
ddx
√−g [ψµΓµνλDνψλ +m1ψµΓµλψλ +m2ψµψµ] , (2.1)
where N is some constant normalization that for now we leave arbitrary. In the above action, we take the (torsion-free)
covariant derivative acting on a vector-spinor to be
Dρψσ = ∂ρψσ − Cλρσψλ +
1
4
ωρ
µˆνˆ(e)Γµˆνˆψσ , (2.2)
where ωρ
µˆνˆ(e) are the rotation coefficients defined by the “vielbein postulate”
Dρe
µˆ
µ = ∂ρe
µˆ
µ − Cλρµeµˆλ + ωρµˆνˆ(e)eνˆµ = 0 (2.3)
and Cλρσ is the standard Christoffel symbol. Note, however, that torsion terms will be required in the nonlinear
supergravity theory discussed in section III.
By varying the action (2.1) with respect to the Rarita-Schwinger field, we obtain the equations of motion
ΓµνλDνψλ +m1Γ
µλψλ +m2ψ
µ = 0 . (2.4)
If we apply Dµ to both sides of the Rarita-Schwinger equation (2.4) and use the gamma matrix identity Γ
µνλ =
γµγνγλ − gµνγλ − gνλγµ + gµλγν , we obtain
✚D✚D(γ · ψ)−D2(γ · ψ)−✚D(D · ψ) +Dµ(✚Dψµ) +m1ΓµλDµψλ +m2D · ψ = 0 , (2.5)
where✚D = γµDµ. Similarly, applying γµ to (2.4) yields
(d− 2)✚D(γ · ψ) + (2− d)D · ψ + ((d− 1)m1 +m2) γ · ψ = 0 . (2.6)
4 Our conventions for the orientation of surfaces in the application of Stokes’s Theorem match those given in appendix B of [45].
5Now, in exact AdS the Riemann tensor takes the simple maximally symmetric form Rρσµν = −(gρµgσν − gρνgσµ) ,
where we have set the AdS radius to one. Using the general relation
[Dµ, Dν ]ψ
λ = Rλσµνψ
σ +
1
4
RµνρσΓ
ρσψλ (2.7)
combined with the above expression for the AdS Riemann tensor, we find that eq. (2.5) becomes
D · ψ = 1
m1 −m2
(
(d− 1)(d− 2)
4
+m1✚D
)
γ · ψ . (2.8)
Substituting this result into (2.6) implies that m2D · ψ = Cγ · ψ, where C is a constant depending on d,m1,m2. In
the case m2 = 0, this relation becomes (
m21 −
(d− 2)2
4
)
γ · ψ = 0 . (2.9)
Let us now define m20 to be the special mass value given by m
2
0 ≡ (d − 2)2/4. Hence, if m21 6= m20, we arrive at the
gamma-traceless and divergence-free conditions
γµψµ = 0 = Dµψ
µ . (2.10)
Applying these conditions to the original Rarita-Schwinger equation (2.4) leads to the “Dirac equation”
(γµDµ −m1)ψλ = 0 . (2.11)
Note that if m2 6= 0 or m21 = m20, we do not obtain the divergence-free and gamma-traceless conditions from the
equations of motion. The case m2 = 0, m
2
1 = m
2
0 deserves special attention and will be discussed in detail in section
II B. For m2 6= 0, the γ-trace of ψµ becomes a dynamical Dirac spinor; we will not consider such cases any further
(see [13, 16]). We refer to the case m1 ≡ m 6= m0,m2 = 0 as the “massive” theory of the Rarita-Schwinger field.
B. “Massless” Rarita-Schwinger fields
Let us now discuss the special case m2 = m20 = (d− 2)2/4 and m2 = 0, where it was seen above that the equations
of motion do not automatically imply the gamma-traceless and divergence-free conditions. One may check that the
“massless” spectrum of supergravity on, for example, AdS4 × S7 [46] or AdS5 × S5 [47] contains spin-3/2 fields with
exactly these mass values. The same statement holds for N = 1 minimal AdS supergravity in d = 4 [27], which we
discuss in section III below. It is therefore not surprising that for this particular value of the mass, the theory admits
an extra gauge symmetry which is closely related to supersymmetry. This symmetry can be seen as follows. First, by
defining the “superderivative”
Dν = Dν − m
d− 2γν , (2.12)
the Rarita-Schwinger equation can be expressed in the form ΓµνλDνψλ = 0. Acting on this relation with Dµ, we
obtain the Bianchi-type identity
0 = Dµ(ΓµνλDνψλ) = − (d− 1)(d− 2)
4
(
4m2
(d− 2)2 − 1
)
γσψσ . (2.13)
Note that the right hand side vanishes identically in the “massless” case m2 = m20, while in the massive case we again
obtain the constraint γµψµ = 0. As this suggests, in the massless case one can show that the action is invariant under
the gauge transformation δψµ = Dµǫ, where ǫ is an arbitrary spinor (so this is essentially a supersymmetry-type
transformation). In particular, the variation of the Rarita-Schwinger Lagrangian under these transformations is
δLRS =
N(d− 2)(d− 1)
8
(
4m2
(d− 2)2 − 1
)(
ǫγσψσ − ψσγσǫ
)
, (2.14)
which vanishes (off-shell) in the massless case.
6In fact, we can use this gauge freedom in the massless case to fix the gauge condition γµψµ = 0. The divergence-free
condition then directly follows from (2.8). To see this explicitly, let ψ′µ = ψµ +Dµǫ. Then we require
γµψ′µ = γ
µψµ +
(
✚D − d
d− 2 m
)
ǫ = 0 , (2.15)
so we get the desired result by choosing ǫ = −(✚D−M)−1γµψµ for M ≡ dm/(d− 2). Note there is still some residual
gauge freedom to take δψ′µ = Dµχ, for χ a solution of (✚D −M)χ = 0.
In summary, we have seen that by choosing an appropriate gauge in the massless case, we can write the Rarita-
Schwinger equation in the same form given earlier for the massive case: γµψµ = 0, Dµψ
µ = 0, (✚D −m)ψµ = 0. We
can thus discuss in a unified way solutions to the equations of motion for both massive and massless fields.
One can also learn from the existence of an extra gauge invariance in the “massless” case that massive fields
(m1 6= (d− 2)/2, m2 arbitrary) should admit an extra spin-1/2 degree of freedom5. However, as further explained in
section II C, this extra spinorial degree of freedom will have no significant role in our analysis as long as 2m1 < d.
C. General asymptotic solutions
In order to describe the boundary fields and determine the allowed boundary conditions, we must first analyze
the behavior of solutions to (2.10), (2.11) near the AdS boundary. Evaluating the on-shell renormalized action also
requires only the asymptotic solutions, since the Rarita-Schwinger action is zero on-shell (see section II E). Exact
solutions to the Rarita-Schwinger equation have been found by Fourier-transforming to momentum space [11–17], but
for our purposes it is useful to solve the equations by performing a Fefferman-Graham type expansion around the
boundary.
To do this expansion, it will be convenient to use the conformal compactification of AdS spacetime. In Poincare´
coordinates, the AdS metric takes the form
ds2 =
1
Ω2
(−dt2 + dΩ2 + dx21 + . . . dx2d−2) . (2.16)
One then defines an unphysical metric g˜µν = Ω
2gµν so that the unphysical spacetime is a manifold with boundary
I ∼= Rd−1 at Ω = 0. In this spacetime, n˜µ = −D˜µΩ coincides with the unit normal to the boundary, where
D˜µ is the torsion-free covariant derivative compatible with g˜µν . It is also useful to define the orthogonal projector
h˜µν = g˜µν−n˜µn˜ν , which at Ω = 0 becomes the induced metric on the boundary h˜µνdxµdxν |I = −dt2+dx21+. . . dx2d−2,
i.e., Minkowski space. Indices on all tensor fields with a tilde are raised and lowered with the unphysical metric g˜µν
and its inverse g˜µν . Note that because we work in the Poincare´ patch, γ˜µ ≡ Ωγµ are now flat-space gamma matrices
and we may identify D˜µ → ∂µ.
Under the conformal transformation g˜µν = Ω
2gµν , the equation of motion (2.11) takes the form
Ωγ˜ρD˜ρψσ +
d− 3
2
n˜ργ˜
ρψσ −mψσ + γ˜σn˜λψλ = 0 . (2.17)
By solving the equation (2.17) at leading order in Ω, we are lead to the existence of two independent solutions with
fall-off O(Ω
d−3
2 ±m). We now distinguish between two general cases: 2m integer valued and 2m non-integer valued.
Without loss of generality, we take m ≥ 0 in the following.
1. Case: 2m 6∈ Z
Let k be the greatest integer strictly less than 2m, i.e., 0 < 2m− k < 1. We then expand the Rarita-Schwinger
field as
ψµ = Ω
d−3
2 −m
k∑
n=0
α(n)µ Ω
n + β(0)µ Ω
d−3
2 +m +O(Ω
d−1
2 +k−m) , (2.18)
where the coefficients α
(n)
µ , β
(n)
µ are vector-spinors that do not depend on Ω, but may in general depend on time
and the remaining spatial coordinates. Substituting this expansion into the equations of motion gives certain
5 We thank Don Marolf for discussions of this point.
7constraints on the coefficients. The gamma-traceless constraint γµψµ = 0 clearly implies that all the coefficients
are themselves gamma-traceless: γ˜µα
(j)
µ = 0 = γ˜µβ
(j)
µ . For terms up to O(Ω
d−3
2 +m), we find from the remaining
equations of motion
n˜µα(0)µ = 0, P˜−α
(0)
µ = 0, n˜
µβ(0)µ = 0, P˜+β
(0)
λ = 0 , (2.19)
and for k = 1, . . . , n
n˜µα(k)µ = −
2
d− 2k + 2m h˜
µν∂µα
(k−1)
ν (2.20)
h˜µ
λα
(k)
λ =
(
m+ (−1)k(m− k))
k(2m− k) h˜µ
λh˜ρσ
[
γ˜ρ∂σα
(k−1)
λ −
2
d− 2k + 2m γ˜λ∂ρα
(k−1)
σ
]
, (2.21)
where we have defined the radial gamma matrix projectors P˜± =
1
2 (1 ± n˜µγ˜µ). We see that the solution is
parameterized by the two vector-spinor boundary fields α
(0)
i,+ ≡ P˜+α(0)i and β(0)i,− ≡ P˜−β˜(0)i . Here we have
introduced the useful index notation µ = (Ω, i), i.e. i, j, k . . . denote indices tangent to the boundary. These
indices are then raised and lowered with the Minkowski metric ηij and its inverse. The coefficients in the radial
expansion at order O(Ω
d−1
2 −m+k) and beyond are completely determined in terms of these two independent
vector-spinors and will not play any role in the analysis below.
2. Case: 2m ∈ Z
The second general class of solutions occurs when m is an integer or half-integer. Note that the massless case
always lies in this category. Here, the spin-3/2 field can be expanded as
ψµ = Ω
d−3
2 −m
2m−1∑
n=0
α(n)µ Ω
n + α(2m)µ Ω
d−3
2 +m logΩ + β(0)µ Ω
d−3
2 +m + . . . . (2.22)
The coefficients are once again all gamma-traceless and now satisfy
n˜µα(0)µ = 0, mP˜−α
(0)
µ = 0, (2.23)
(
d
2
−m
)
n˜µβ(0)µ = −h˜µν∂µα(2m−1)ν , mP˜+β(0)λ =
1
2
P˜+
(
h˜ρσ γ˜σ∂ρα
(2m−1)
µ + γ˜µn˜
ρβ(0)ρ
)
, (2.24)
while for k = 1, . . . , 2m− 1 (
d
2
+m− k
)
n˜µα(k)µ = −h˜µν∂µα(k−1)ν (2.25)
and
α(k)µ =
(m+ (m− k)n˜ργ˜ρ)
k(2m− k)
[
h˜ρσ γ˜ρ∂σα
(k−1)
µ + γ˜µn˜
ρα(k)ρ
]
. (2.26)
The coefficient of the logarithmic term α
(2m)
µ is only nonzero when m ∈ Z+ 12 , and in this case(
d
2
−m
)
n˜µα(2m)µ = 0, (2.27)
P˜+α
(2m)
µ = 0 , P˜−α
(2m)
µ = −P˜−
(
h˜ρσ γ˜σ∂ρα
(2m−1)
µ + γ˜µn˜
ρβ(0)ρ
)
. (2.28)
When m = 0, the linearly independent modes degenerate to a single unconstrained boundary field β
(0)
i , which
we then naturally split with P˜± into two independent parts that we call α
(0)
i,+, β
(0)
i,−.
8It is straightforward to check that the right-hand side of (2.25) is also proportional to (d2 +m− k) for k ≥ 2 as
a consequence of (2.26). Thus, the above relations indicate that for certain values of the mass and spacetime
dimension (i.e., when this factor vanishes), the radial components of certain coefficients are undetermined by
the equations of motion. This reflects the existence of an extra spin-1/2 degree of freedom which admits the
expansion (2.22) when m is half-integer or integer valued. This degree of freedom was not seen in the first class
of solutions because it falls off as O(Ωd−3/2) and the ansatz (2.18) did not include integer or half-integer powers
of Ω. The extra degree of freedom appears in the coefficients n˜µα
(2m)
µ , n˜µβ
(0)
µ for m =
d
2 and in the coefficient
n˜µα
(m+ d2 )
µ when m =
d
2 + j, j ≥ 1. In the following discussion of the on-shell action, the counterterms, and the
normalizeability, it turns out that one only needs to solve the equations of motion up to order Ω
d−3
2 +m. Hence,
this phenomenon will only effect the counterterms if m ≥ d2 ; we will not consider such cases below (note that
because m0 <
d
2 , this restriction does not exclude the interesting “massless” cases).
The occurrence of logarithmic modes for half integer masses hints at the appearance of conformal anomalies
that will be described below.
D. Standard normalizeability
In this section, we analyze normalizeability of the above solutions with respect to the standard symplectic structure.
Standard methods applied to the action (2.1) lead to
(ω)µ1...µd−1 = N
(
δ1ψµΓ
µνλδ2ψλ − δ2ψµΓµνλδ1ψλ
)
ǫνµ1...µd−1 . (2.29)
This expression simplifies after using the constraint γµψµ = 0, resulting in the symplectic structure
σΣ(δ1ψµ, δ2ψν) = N
∫
Σ
d d−1x
√
gΣ tν
(
δ1ψµγ
νδ2ψµ − δ2ψµγνδ1ψµ
)
. (2.30)
Substituting the asymptotic form of the slow fall-off mode (i.e. ψµ ∼ O(Ω d−32 −|m|)) into the symplectic structure, we
find that the integrand near Ω → 0 is O(Ω−|2m|). Therefore, the standard symplectic structure for the slow fall-off
mode is finite only for fields in the mass range |m| < 1/2, where there is then a choice of boundary conditions. This
mass range is thus analogous to the range at or slightly above the Breitenlohner-Freedman bound for scalar fields
[4]. However, normalizeability requires boundary conditions of Dirichlet-type for the limiting case m = 1/2, where a
logarithmic mode appears. The corresponding results for spin-1/2 fields are essentially identical [8]. It was further
argued in [8] that for real values of the spin-1/2 fermion mass, there is no analogue of unstable modes below the
Breitenlohner-Freedman bound. We would similarly expect that there are no such unstable modes in the spin-3/2
case, though this has yet to be checked explicitly.
The massless spin-3/2 fields are notably outside this special mass range. Indeed, for all d ≥ 3, we have |m0| ≥ 1/2.
Thus, taking m = m0 > 0 and using the standard choice for the symplectic structure, we are required to choose
the “Dirichlet” boundary condition that fixes the slow fall-off mode to zero. This implies that the behavior near the
boundary is ψµ = O(Ω
d− 52 ), which matches the boundary conditions imposed for d = 4 in [10].
Normalizeability places no restriction on the boundary fields, but we must still impose conservation of the symplectic
structure. Using the expansion (2.18), we find that for |m| < 1/2, the symplectic flux through the boundary is given
by
F =
∫
I
ω = −N
∫
I
d d−1x
[(
δ1α
(0)
i,+δ2β
(0),i
− − δ1β(0)i,−δ2α(0),i+
)
−
(
δ1 ↔ δ2
)]
. (2.31)
Any boundary condition such that the integrand vanishes is sufficient to give well defined dynamics. For example,
a non-trivial mixed condition in even dimensions is given by the linear relation β
(0)
i,− = iqγd+1α
(0)
i,+, where q is an
arbitrary real parameter and γd+1 is the higher dimensional generalization of γ5 in four dimensions. Dirichlet or
Neumann boundary conditions correspond to the particular choices q =∞ or q = 0, respectively.
E. Renormalized modes
We next turn to the case m ≥ 1/2. For these masses, the mode α(0) is non-normalizeable with respect to the
standard symplectic structure. However, as in the case of gravitational perturbations [18], one can consider the
9renormalized symplectic structure (1.3) for which we expect the slow fall-off modes to be normalizeable as well,
allowing more general boundary conditions. In what follows, we will determine the boundary counterterms required
to renormalize the symplectic structure associated with the action (2.1). We then verify normalizeability of the slow
fall-off modes for a large class of parameters.
For convenience, we will assume below that the spin-3/2 fields obey the Majorana “reality” condition, with the
charge conjugation matrix satisfying the same properties as in d = 4 (see appendix A). Hence, our results will be
strictly valid in d = 2, 3, 4 mod 8 dimensions, but could be easily generalized to other dimensions by introducing
extra signs in certain places or working with complex Dirac spinors.
In order to determine how to modify the symplectic structure, we must first discuss boundary counterterms in the
action:
S = SRS +
∫
I
dd−1xLct , (2.32)
where SRS is the standard Rarita-Schwinger action and the boundary counterterm Lagrangian Lct is to be determined.
Note that because the Rarita-Schwinger action vanishes on-shell, S will be manifestly finite on-shell if we also take
Sct finite. In other words, Sct is not a divergent counterterm, but is simply the finite expression required to provide
a valid variational principle. Using the asymptotic solutions of ψµ given in (2.18) and (2.22), we find in general that
on-shell
δSRS = −N
∫
I
d d−1x
[
(divergent terms) + α
(0)
i,+δβ
(0),i
− − β(0),i− δα(0)i,+ + F i[α(0)+ ]δα(0)i,+
]
(2.33)
where F i[α
(0)
+ ] refers to possible additional finite terms involving at least 3 derivatives of α
(0)
+ that may only arise for
m ≥ 3/2 and m ∈ Z + 12 . By the argument above, the divergent terms must combine to form a total derivative and
can thus be dropped. We have checked that this is true explicitly for all |m| < 3/2 in any d ≥ 3 and |m| = 3/2 in any
d > 3.
To impose Dirichlet-type boundary conditions (fixing α
(0)
i,+), one has to add to the original action a counterterm of
the form
Lct = N α
(0)
i,+β
(0),i
− + Lfin[α
(0)
+ ] , (2.34)
where Lfin[α
(0)
+ ] are non-minimal terms depending on α
(0)
+ and its derivatives. The total action then obeys
δS = δSRS + δ
∫
I
d d−1xLct =
∫
I
d d−1x π
(0),i
− δα
(0)
i,+ . (2.35)
Here, the conjugate field is found to be π
(0),i
− ≡ 2Nβ(0),i− −NF i[α(0)+ ]+ δLfinδα(0)i,+ . The symplectic flux has the general form
(1.4). Neumann-type boundary conditions (fixing π
(0),i
− ) are then obtained by performing the Legendre transformation
SNeu = S −
∫
I π
(0),i
− α
(0)
i,+.
We now make the observation that the first term in the right-hand side of (2.34) can be expressed in terms of the
original bulk fields as
α
(0)
i,+β
(0),i
− =
1
2
√−hhijψiψj + (divergent terms) +Gfin[α(0)+ ] (2.36)
where the number of divergent terms (depending only on α
(0)
+ and its derivatives) increases with the value of the mass.
The various finite terms Gfin[α
(0)
+ ] (depending also only on α
(0)
+ and its derivatives) appear for masses m ≥ 3/2,m ∈
Z+ 12 . We conclude that the counterterm of the form (2.34) containing the minimal number of terms when expressed
in terms of the bulk field ψµ is given by the first term on the right-hand side of (2.36) plus a finite number of terms
canceling the additional divergences. The resulting minimal counterterm Lagrangian Lct for m ≤ 3/2 is found to be
Lct =
N
2
√−h
[
ψiψ
i + 2f1/2(Ω)ψiγ
j∂jψ
i
+2f3/2(Ω)
(
ψiγ
j∂k∂k∂jψ
i − 4d
(d− 1)(d+ 1)ψ
iγj∂i∂j∂kψ
k
)]
, (2.37)
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where
f1/2(Ω) =
{
1
1−2m if m 6= 12
logΩ if m = 12
f3/2(Ω) =
{
0 if m < 32
1
4 logΩ if m =
3
2 , d > 3,
(2.38)
and where all indices are raised with hij = Ω2ηij . For 3/2 < m < 5/2, we expect the appearance of additional
counterterms involving 3 derivatives, while for m ≥ 5/2 we would require additional counterterms involving more
than 3 derivatives. The properties of the recursion relations for the coefficients α(n) found in section II C imply
that all such counterterms will involve an odd number of derivatives. This is consistent with the fact that acting
with supersymmetry transformations on gravity counterterms [43] generates only fermionic counterterms with an odd
number of derivatives.
For half-integer masses, we have seen that logarithmic modes always arise in the asymptotic solutions to the Rarita-
Schwinger equation. Furthermore, we have found in the specific cases m = 1/2, 3/2 that the required counterterms
contain explicit logΩ dependence, and we would expect this to be true for larger half-integer masses as well. This
suggests that for all m ∈ Z + 12 , the renormalization procedure explicitly breaks radial diffeomorphism invariance.
This is interpreted in the AdS/CFT language as a dynamical breaking of conformal invariance [48]. This phenomenon
is partially explained by the analogous results in gravity. Indeed, the m = 1/2 field appears in d = 3 supergravity, as
does m = 3/2 for d = 5. In these theories, the gravitational counterterms contain a logarithmic term (proportional
to the Einstein-Hilbert action for d = 3 or Weyl curvature squared for d = 5) that breaks conformal invariance. We
point out though that the spin-3/2 conformal symmetry breaking is generic for any half-integer m in any dimension.
We end this section by providing a non-trivial check of the claim that the renormalized symplectic structure is
finite for the “non-normalizeable” mode and by providing a non-trivial mixed boundary condition. Let us consider in
particular the cases 1/2 < m ≤ 1, d ≥ 3. Following the general discussion in section IA, we can vary the counterterm
action (for the Neumann theory) as δLNeu =
δLNeu
δψi
δψi+dθct and obtain dθct = d
d−1x
√−h∂j
(
N
2m−1ψiγ
jδψi
)
. Using
the expansion (2.22), we find
(ωct)i1...id−2 |I =
2N
2m− 1 Ω
1−2mδ1α
(0)
k,+γ˜
lδ2α
(0),k
+ ǫ˜Ωli1...id−2 . (2.39)
This divergent term is then recognized as the exact divergent term in the standard symplectic structure. The renor-
malized symplectic structure (1.6) takes the form
σΣ,ren = 2N
∫
Σ
d d−2xdΩ
[
Ω3−dg˜µλδ1ψµγ˜
tδ2ψλ − Ω−2mh˜µλδ1α(0)µ γ˜tδ2α(0)λ
]
. (2.40)
The first term in the above expression diverges as O(Ω−2m), but this divergence is exactly canceled by the second term.
The remaining terms are then of order O(Ω0) and so σΣ,ren is manifestly finite. After the divergences are removed,
the renormalized symplectic flux takes the same (finite) form as in (2.31). This explicit check of our methods includes
in particular the special case m = 1, d = 4, which is relevant for N = 1 minimal AdS4 supergravity. To have a
mixed boundary condition in this case, we can, for example, impose the linear relation β
(0)
i,− = iqγ5α
(0)
i,+ which leads to
vanishing flux and includes the Neumann boundary conditions as the case q = 0. This corresponds to a deformation
of the Neumann theory given by∫
I
d 3x
√−hLct,q = −N
2
∫
I
d 3x
√−h (ψiψi − 2ψiγj∂jψi − 2iqΩ2ψiγ5ψi) . (2.41)
For q 6= 0, these mixed boundary conditions break conformal invariance, as can also be seen in the explicit radial
dependence of the counterterm.
F. Euclidean boundary propagator
In this section, we review the two-point correlation function of the CFT operator dual to the boundary field
α
(0)
i,+. This correlation function can be obtained from the on-shell action and the asymptotic solutions derived in
the previous section via standard methods [12–17]. We then discuss the correlation function for spin-3/2 fields with
Neumann boundary conditions, following the analysis of [6] performed for scalar fields in the Breitenlohner-Freedman
mass range.
The AdS/CFT dictionary states that the (renormalized) Euclidean Rarita-Schwinger action (viewed as a functional
of the boundary fields α
(0)
i,+) is the generating functional for correlation functions of the CFT operator dual to α
(0)
i,+,
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which is the supersymmetry current. The field πi(0),− = β
i
(0),− + . . . conjugate to α
(0)
i,+ is interpreted as the vacuum
expectation value of the dual CFT operator and is determined in the Euclidean setting in terms of α
(0)
i,+ by imposing
regularity of the solution. The two-point function of the supersymmetry current can then be obtained by substituting
the asymptotic solutions (2.18) and (2.22) into the on-shell Euclidean renormalized action (2.32). The result is [12–17]
S ∼
∫
I
dd−1x
∫
I
dd−1y α
(0)
i,+(x)
γk(x− y)k
|x− y|2∆++1
(
δij − 2(x− y)
i(x − y)j
|x− y|2
)
α
(0)
j,+(y) , (2.42)
where δij is the Euclidean continuation of the boundary metric h˜ij |I . The dimension of the dual supersymmetry
current is given by ∆+ =
d−1
2 +m.
Now, we have seen that for any m and d, we can perform a Legendre transformation and consider the Neumann
problem, where πi(0),− is fixed. The roles of α
(0)
i,+, π
i
(0),− are thus interchanged, and the two-point correlation function is
related to the Dirichlet result by a Legendre transformation. Following [6], we first define JNeu[α
(0)
+ , π(0),−] = S[α
(0)
+ ]−∫
I
π
(0),i
− α
(0)
i,+. The Legendre transformed functional LNeu[π(0),−] is then obtained by minimizing JNeu[α
(0)
+ , π(0),−] with
respect to α
(0)
i,+. In order to compute SNeu, we first Fourier transform the two-point function (2.42), which yields
S ∼ ∫ ddk
(2π)d
α
(0)
i,+(k)O
ij(k)α
(0)
i,+(−k) with
Oij(k) = Πil
kkγ
k
k1−2m
(
δlm + C(m, d)
klkm
k2
)
Πmj , m 6= 1
2
+ Z, (2.43)
= log
(
k
µ
)
Πil
kkγ
k
k1−2m
(
δlm + C(m, d)
klkm
k2
)
Πmj , m =
1
2
+ Z . (2.44)
Here k =
√
kiki, Π
j
i = δ
j
i − 1d−1γiγj is the gamma-traceless projector, µ is an additional scale appearing in the Fourier
transformation when m is half-integer, and C(m, d) are coefficients whose precise value will not be needed for our
arguments. The inverse of Oij(k), defined as Ojk(k)O−1ij (k) = Π
k
i , is given by
O−1ij (k) = Πil
kkγ
k
k2m+1
(
δlm + C′(m, d)
klkm
k2
)
Πmj , m 6= 1
2
+ Z, (2.45)
= Πil
kkγ
k
k2m+1 log kµ
(
δlm + C′(m, d)
klkm
k2
)
Πmj , m =
1
2
+ Z . (2.46)
where C′(m, d) are different coefficients. The Legendre transformed functional LNeu[π(0),−] is then LNeu[π(0),−] ∼∫
ddk
(2π)d π
i
(0),−(k)O
−1
ij (k)π
j
(0),−(−k). Given the scaling dimension of a CFT operator, the two-point function is entirely
determined by conformal invariance. The scaling dimension of the dual operator in the Neumann theory withm 6= 12+Z
can be deduced by noticing that the prefactor in O−1ij (k) has the same form as the one in O
ij(k) with m → −m.
Therefore, ∆− ≡ d−12 −m. The two-point function is given by Fourier transforming back to coordinate space,
SNeu ∼
∫
I
dd−1x
∫
I
dd−1y πi(0),−(x)
γk(x− y)k
|x− y|2∆−+1
(
δij − 2(x− y)i(x − y)j|x− y|2
)
πj(0),−(y) . (2.47)
We therefore obtain a result similar to that for scalar fields [6]: the Dirichlet and Neumann theories are associated
with dual CFT operators whose dimensions are ∆+ and ∆−, respectively. For m =
1
2 + Z, conformal invariance is
broken and we were not able to Fourier transform back to coordinate space. Furthermore, the propagator (2.46) has an
additional pole at k = µ, which shows that the Lorentzian propagator admits a tachyon. In odd spacetime dimensions
d such that m = d−22 , this is natural in view of the results in gravity (see e.g. [18]). When the boundary is even-
dimensional, there is an anomaly breaking conformal invariance and the graviton propagator admits a tachyon. For
Rarita-Schwinger fields, we see that these two effects appear in any dimension as long as the mass is half-integer. The
exact propagators (2.45)-(2.46) have a branch cut either because of the square root in k or because of the logarithm.
This is similar to the behavior of the boundary graviton described in [18, 25, 49, 50]. It implies that the propagator
contains a continuous spectrum of bound states with masses ranging from zero to infinity.
III. BOUNDARY ANALYSIS OF d = 4, N = 1 ADS SUPERGRAVITY
In this section, we analyze the non-linear theory of a graviton multiplet in an asymptotically AdS spacetime and
classify boundary conditions that preserve supersymmetry. We begin by specializing to four dimensions and coupling
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the Rarita-Schwinger field non-minimally (due to torsion terms) to gravity to obtain N = 1 supergravity. We then
mainly follow the holographic renormalization procedure [31–33]. After discussing the general asymptotic solutions
in Fefferman-Graham form, we determine the set of gauge transformations that preserve the boundary conditions.
By renormalizing the action, we find the boundary stress-tensor and supercurrent dual to the boundary vierbein
and Rarita-Schwinger field. We then show that the renormalized action is invariant (non-anomalous) under all
gauge transformations at the boundary. We conclude by discussing Neumann boundary conditions for the boundary
supergravity multiplet, as well as certain deformations of the Neumann theory.
A. Preliminaries
The N = 1, d = 4 supergravity action with cosmological constant Λ = −3 is given by [26, 27]
Lsugra = 1
2κ2
e (R− 2Λ)− e
2
(
ψ¯µΓ
µρσDρ(ω)ψσ + ψ¯µΓ
µσψσ
)
(3.1)
(see also the review in [29]). It will be convenient to express this action in the alternative form
Lsugra = − 1
8κ2
εµνρσǫµˆνˆρˆσˆR
µˆνˆ
µν (ω)e
ρˆ
ρe
σˆ
σ −
Λ
κ2
e− i
2
εµνρσψ¯µγ5γνDρ(ω)ψσ. (3.2)
The equivalence of the two Lagrangians easily follows as a consequence of the properties εµνρσǫµˆνˆρˆσˆe
ρˆ
ρe
σˆ
σ = −4eeµ[µˆeννˆ]
and Γµˆνˆρˆ = iǫµˆνˆρˆσˆγ5γσˆ. The covariant derivative is Dµ(ω) = Dµ(ω)− 12γµ and Dµψν is given by (2.2) but with ω(e)
replaced by ω = ω(e, ψ), which includes torsion terms. We will use the 1.5 formalism for supergravity, which is similar
to 2nd order formalism except that one does not apply the chain rule to ω when varying the action (see [29]). The
spin connection is defined as a solution of the constraint
D[µ(ω)e
µˆ
ν] =
κ2
4
ψ¯µγ
µˆψν , (3.3)
which is the analogue of the “vierbein postulate” discussed in the linearized theory of section IIA. The solution takes
the form ωµµˆνˆ = ωµµˆνˆ(e) + κµµˆνˆ , where ωµµˆνˆ(e) is the textbook connection given in terms of the vierbein (see (2.3))
and κµµˆνˆ =
κ2
4 (ψ¯µγµˆψνˆ − ψ¯µγνˆψµˆ + ψ¯µˆγµψνˆ) is the contorsion tensor. The supersymmetry transformations rules are
given by
δǫe
µˆ
µ =
κ
2
ǫ¯γµˆψµ, δǫψµ =
1
κ
Dµ(ω)ǫ (3.4)
and δǫωµµˆνˆ follows by the chain rule. The asymmetric stress-tensor is given by
θµν ≡ eµˆν
δLRS
δeµˆµ
= − i
2
εαµρσψ¯αγ5(γνDρ(ω)ψσ + Γρνψσ) (3.5)
and the equations of motion are
Rµ ≡ iεµνρσγ5γνDρ(ω)ψσ = 0, (3.6)
θµν =
e
κ2
(Gµν (ω) + Λgµν). (3.7)
B. Asymptotic solutions
We now discuss asymptotic solutions to the equations of motion (3.6), (3.7). We consider general locally asymp-
totically AdS spacetimes. In standard Fefferman-Graham coordinates, these spacetimes admit metrics near r → ∞
of the form
ds2 = dr2 + γij(x, r)dx
idxj , γij(x, r) = O(e
2r). (3.8)
Accordingly, is natural to work in the “Fefferman-Graham” gauge,
eiˆr = 0, e
rˆ
r = 1, e
rˆ
i = 0, ψr = 0 (3.9)
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where it turns out that the expansion of asymptotic fields is more easily expressed. In fact, the Fefferman-Graham
gauge conditions (3.8)-(3.9) need not be enforced to all orders in r for the subsequent asymptotic analysis to be valid.
It is sufficient to impose this gauge choice only near the boundary, which still allows “bulk” gauge transformations, i.e.,
transformations not affecting the asymptotic gauge. In an asymptotic expansion near the boundary, four dimensional
spinors ψµ can be decomposed into two radially projected spinors ψµ,± = P±ψµ (which are equivalent to 2-component
Weyl spinors in three dimensions), where the projectors are given by P± =
1
2 (1 ± γ rˆ). Note the useful relation
P±γ
iˆ = γ iˆP∓. The radial coordinate defined by (3.8) relates to the coordinates of section II by r = − logΩ, and in
particular the conformal boundary (Ω = 0) now corresponds to r →∞.
The leading asymptotic behavior ψi,+ = O(e
r/2) and ψi,− = O(e
−r/2) can be inferred from (3.8) combined with
the equations of motion. The full asymptotic form of the solutions can be obtained by expanding the fields eiˆi,
ψi,± in powers of e
r and solving the equations of motion (3.6),(3.7) order by order in r. There are no power law
terms because the theory (3.1) contains a spin-3/2 field with integer-valued mass and the spacetime has an odd-
dimensional boundary. The computation is straightforward but tedious, so we simply state the results below and
relegate intermediate asymptotic expansions to appendix B.
The general asymptotic solution is
eiˆi = e
reiˆ(0)i + e
−reiˆ(2)i + e
−2reiˆ(3)i +O(e
−3r),
ψi,+ = e
r/2ψ(0)i,+ + e
−3r/2ψ(3)i,+ + e
−5r/2ψ(4)i,+ +O(e
−7r/2), (3.10)
ψi,− = e
−r/2ψ(2)i,− + e
−3r/2ψ(3)i,− +O(e
−5r/2).
Note that the series for fermions involves only half-integer powers of er, while the bosonic field has an expansion
in integer powers of er. This is consistent with the fact that under supersymmetry, a bosonic field transforms into
fermion bilinear terms.
We will write the solution in the gauge e
i[jˆ
(0)e
iˆ]
(2)i = 0 = e
i[jˆ
(0)e
iˆ]
(3)i, which can be reached by performing the appropriate
local Lorentz transformations (see section III C for details). As in the pure gravity case, the equations of motion imply
that the subscript (2) fields are determined in terms of the leading subscript (0) fields:
e(2)iˆi = −
1
2
R(0)iˆi −
iκ2
4e(0)
εkjle(0)jiˆψ¯(0)k,+γ5γ(0)iψ(2)l,−
+e(0)iˆi
(
R(0)
8
+
κ2
8
ψ¯(0)j,+Γ
jk
(0)ψ(2)k,−
)
, (3.11)
ψ(2)i,− =
1
2
γj(0)D(0)jψ(0)i,+ −
1
2
γj(0)D(0)iψ(0)j,+ +
1
2
Γ jki(0)D(0)jψ(0)k,+. (3.12)
The equations of motion also show that the fields eiˆ(3)i and ψ(3)i,− are partially constrained as
γiψ(3)i,− = 0,
0 = εijkγ(0)i
(
D(0)jψ(3)k,− − (3
2
eiˆ(3)j +
κ2
8
(ψ¯(3)j,−ψ
iˆ
(0) − ψ¯iˆ(3),−ψ(0)j))γiˆψ(0)k
)
,
e(3) = −κ
2
6
ψ¯(0)iψ
i
(3),−, (3.13)
Dieiˆ(3)i = O(ψ
2),
but still contain degrees of freedom independent of eiˆ(0)i and ψ(0)i,+. The O(ψ
2) terms in the above expression are
difficult to compute directly from the equations of motion. However, we will derive this divergence of eiˆ(3)i exactly
in section III E using another method (namely by requiring boundary diffeomorphism invariance of the action). All
remaining terms in the asymptotic expansions can be determined in terms of eiˆ(0)i, ψ(0)i,+, e
iˆ
(3)i, and ψ(3),−.
We can check that (3.10) is consistent with the linear solution found in section II, where we recall that we imposed
the gamma-traceless gauge γµψµ = 0. Beginning with the linear solution (2.22) for m = 1, we make the appropriate
change of radial coordinate and then perform a gauge transformation to set ψr = 0. Using the residual gauge freedom,
we then send ψi → ψi +Diχ with χ = e−r/2(− 13γjψ(0)j) + . . . , so that the linear solution in the Fefferman-Graham
gauge (3.9) is
δψi,+ = e
r/2δψ(0)i,+ + e
−3r/2δψ(3)i,+[ψ(0)i,+] + e
−5r/2 1
3
/∂δψ(3)i,− +O(e
−7r/2) (3.14)
δψi,− = e
−r/2δψ(2)i,−[ψ(0)i,+] + e
−3r/2δψ(3)i,− +O(e
−5r/2) (3.15)
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where δψ(2)i,− = /∂δψ(0)i,+ − ∂iδ✓ψ(0),+ − 12γi(∂kδψ(0)k,+ − /∂δ✓ψ(0),+) and δψ(3)i,+ is divergence-free and γ-traceless.
The slash notation is the usual contraction with γi. The independent fields are indeed δψ(0)i,+ and the γ-traceless
and divergence-free δψ(3)i,−. For completeness, the linear spin 2 field is given by
δeiˆi = δe
iˆ
(0)ie
r +
1
2
∂k∂kδe
iˆ
(0)ie
−r + δeiˆ(3)ie
−2r +O(e−3r). (3.16)
C. Asymptotic gauge transformations
Having defined the boundary fields in the previous section, we now determine how these fields transform under
supersymmetry and more generally under large gauge transformations. In order to do so, we will first have to clarify
which gauge transformations preserve the asymptotic form of the metric.
The minimal supergravity Lagrangian is locally gauge invariant under any supersymmetry, diffeomorphism, and
local Lorentz transformation triplet (ǫ, ξµ,Λνˆµˆ) acting on the fields as
δǫ,ξ,Λe
µˆ
µ =
κ
2
ǫ¯ γµˆψµ + ξ
α∂αe
µˆ
µ + ∂µξ
αeµˆα + Λ
µˆ
νˆe
νˆ
µ, (3.17)
δǫ,ξ,Λψµ =
1
κ
(Dµǫ − 1
2
γµǫ) + ξ
α∂αψµ + ∂µξ
αψα +
1
4
ΛµˆνˆΓ
µˆνˆψµ . (3.18)
Let us now determine the subset of these transformations that preserves the asymptotic conditions (3.9) near r →∞.
The condition δǫ,ξ,Λe
rˆ
r = 0 is satisfied only if ξ
r = ξr(0)(x
i). The condition δǫ,ξ,Λe
rˆ
i = 0 then implies that a
compensating local Lorentz transformation
Λrˆ
iˆ
= −κ
2
ǫ¯γ rˆψje
j
iˆ
− ∂iξr(0)eiiˆ (3.19)
has to be performed for each supersymmetry transformation and radial diffeomorphism. The condition δǫ,ξ,Λe
iˆ
r = 0
determines the behavior of ξi up to an arbitrary integration function,
ξi = ξi(0)(x
j)− κ
2
∫
dr ǫ¯γ rˆγijψj −
∫
dr γij∂jξ
r
(0) . (3.20)
The last condition δǫ,ξ,Λψr = 0 is particularly interesting since it requires the supersymmetry parameter to be a
function of only two projected spinors ǫ−(x
i) and ǫ+(x
i). A detailed analysis (using the results in appendix B) leads
to the expansion
ǫ = ǫ+e
r/2 + ǫ−e
−r/2 + e−3r/2ǫ(3),+[ǫ−, ǫ+, ξ
r] +
e−5r/2(ǫ(4),+[ǫ+] + ǫ(4),−[ǫ−, ǫ+, ξ
r]) +O(e−7r/2) . (3.21)
The full expressions for ǫ(3),+, ǫ(4),+, ǫ(4),− are given in appendix B. Realizing that ǫ(3),− = 0 and that the term
ǫ(4),+[ǫ+] has a simple expression in terms of only ǫ+ will be crucial to describing how δǫ,ξ,Λ act on the fields e
iˆ
(3)i
and ψ(3),−. Local Lorentz transformations preserving the asymptotic behavior of the fields e
iˆ
i, ψi,± have the form
Λiˆ
jˆ
(r, xi) = O(e0r).
At this step, we can summarize the only transformations (ǫ, ξ,Λ) preserving the asymptotic structure (in addition to
transformations deep in the bulk, i.e. outside the asymptotic region). We found only the diffeomorphisms generated
by ξi(0), the radial diffeomorphisms generated by ξ
r
(0), the two supersymmetries ǫ−(x
i) and ǫ+(x
i), and any local
Lorentz transformation Λiˆ
jˆ
(r, xi) = O(e0r).
Let us now derive the action of these generators on the boundary fields. It is obvious from (3.17) that ξ = ξi(0)(x
j)
generates diffeomorphisms at the boundary. The radial diffeomorphisms generated by ξr = ξr(0)(x
j) act as simple
Weyl transformations on the boundary fields with the expected conformal weights,
δξr
(0)
eiˆ(0)i = e
iˆ
(0)i, δξr(0)ψ(0)i,+ =
1
2
ψ(0)i,+ (3.22)
δξr
(0)
eiˆ(3)i = −2eiˆ(3)i, δξr(0)ψ(3)i,− = −
3
2
ψ(3)i,− . (3.23)
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Note that the gauge transformations induced by the generators (3.19), (3.20), (3.21) (which depend on ξr) do not
contribute to the above result. Let us expand the local Lorentz transformations as
Λiˆ
jˆ
(r, xi) = Λiˆ
(0)jˆ
+ Λiˆ
(2)jˆ
e−2r + Λiˆ
(3)jˆ
e−3r +O(e−4r). (3.24)
Here we have neglected the term of order e−r, which is not needed in what follows. The transformations induced by
Λiˆ
(0)jˆ
,
δΛ(0)e
iˆ
(0)i = Λ
iˆ
(0)jˆ
ejˆ(0)i, δΛ(0)ψ(0)i,+ =
1
4
Λ(0)ˆijˆΓ
iˆjˆψ(0)i,+ (3.25)
δΛ(0)e
iˆ
(3)i = Λ
iˆ
(0)jˆ
ejˆ(3)i, δΛ(0)ψ(3)i,− =
1
4
Λ(0)ˆijˆΓ
iˆjˆψ(3)i,− , (3.26)
show that all boundary fields transform as vectors or spinors under the Lorentz transformation Λiˆ
(0)jˆ
. However, the
transformation δΛ(2),Λ(3) acts non-trivially on the fields
δΛ(2),Λ(3)e
iˆ
(2)i = Λ
iˆ
(2)jˆ
ejˆ(0)i, δΛ(2),Λ(3)e
iˆ
(3)i = Λ
iˆ
(3)jˆ
ejˆ(0)i. (3.27)
while eiˆ(0)i, ψ(0)i,+, ψ(2)i,−, and ψ(3)i,− are invariant. These gauge transformations can be used to fix the gauge
e
i[jˆ
(0)e
iˆ]
(2)i = 0 = e
i[jˆ
(0)e
iˆ]
(3)i, as done in section III B.
Finally, we address the supersymmetry transformations. A careful expansion of (3.17) taking into account the
indirect contributions of the other gauge generators (3.19), (3.20), (3.21) leads to the result
δǫ±e
iˆ
(0)i =
κ
2
ǫ¯+γ
iˆψ(0)i,+,
δǫ±ψ(0)i,+ =
1
κ
D
(0)
i ǫ+ −
1
κ
γiˆe
iˆ
(0)iǫ−,
δǫ±e
iˆ
(3)i =
κ
2
ǫ¯−γ
iˆψ(3)i,− − κ
6
Lǫ¯+ψ(3),−eiˆ(0)i +
κ
2
ǫ¯+γ
iˆψ(4)i,+ +
κ
2
ǫ¯(4),+γ
iˆψ(0)i,+, (3.28)
δǫ±ψ(3)i,− = −
3
2κ
γiˆe
iˆ
(3)iǫ+ −
κ
8
(ψ(3)i,−ψ
jˆ
(0),+ − ψ(0)i,+ψjˆ(3),−)γjˆǫ+ −
κ
4
ǫ¯+ψ
jˆ
(3),−γjˆψ(0)i,+ ,
where ψ(4)i,+ and ǫ(4),+ are given in (B4), (B5). One readily identifies that (e
iˆ
(0)i, ψ(0)i,+) form a N = 1 d = 3
superconformal multiplet [51]. The transformations ǫ+ generate two (real) supersymmetries, while ǫ− generate the
two (real) special conformal supersymmetries. This result is the AdS4 counterpart of the results obtained in AdS3
[36], AdS5 [35, 52] and AdS6 [38].
Using an additional gauge transformation (3.27) with the parameter Λiˆ
(3)jˆ
= −κ6 ǫ¯+ψj(3),−ω iˆj jˆ + κ4 ǫ¯+Γiˆjˆγlψ(0)l,+,
the transformation of the fields (eiˆ(3)i, ψ(3)i,−) at lowest order in the number of fermions is more easily expressed as
δǫ±,Λ(3)e
iˆ
(3)i =
κ
2
ǫ¯−γ
iˆψ(3)i,− +
κ
6
ǫ¯+γ
iˆ/D(0)ψ(3)i,− − κ
6
D(0)i(ǫ¯+ψ(3)je
iˆ j
(0))
−κ
4
ǫ¯+γ
lψ(0)le
iˆ
(3)i +
κ
2
ǫ¯+γ
iˆψjˆ(0)e(3)ijˆ +O(ψ
3), (3.29)
δǫ±ψ(3)i,− = −
3
2κ
γiˆe
iˆ
(3)iǫ+ +O(ψ
2) .
The fields (eiˆ(3)i, ψ(3)i,−) transform linearly under the supersymmetry transformations.
D. Conjugate fields and regularization of the action
The supergravity action (3.1) is infinite on-shell and does not lead to a well-defined variational principle. Both
problems can be cured by a regularization procedure systematically developed under the name of holographic renor-
malization [31–33] (see also the Hamiltonian [44] and Hamilton-Jacobi [53] approaches). As detailed for example in
[54], appropriate boundary terms must exist such that the total action Sreg =
∫
M
d 4xLsugra +
∫
I
d3xLbosonic,ct +∫
I
d3xLfermionic,ct admits a variation of the form
δSreg =
∫
I
d3x
(
e(0)T
iˆiδe(0)iˆi + e(0)J¯
iδψ(0)i
)
, (3.30)
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where T iˆi is the finite stress-tensor and J i is the finite supercurrent (conjugates to the boundary vielbein and Rarita-
Schwinger field, respectively). For Einstein gravity, the counterterms
∫
I
Lbosonic,ct are given by [43]∫
I
Lbosonic,ct = 1
κ2
∫
I
eK − 2
κ2
∫
I
e+
1
2κ2
∫
I
eR. (3.31)
We can attempt to infer the fermionic contributions to the boundary term from the linear results obtained in section
II E. Coupling the counterterm (2.37) for d = 4, m = 1, N = −1/2 to the vielbein e and the connection ω, we obtain∫
I
Lfermionic,ct = −1
4
∫
I
e
(
ψ¯iψ
i − 2ψ¯iγjDjψi
)
, (3.32)
where D is the covariant derivative associated with γij . These counterterms contribute a finite piece∫
I
Lct,finite = − 2
κ2
∫
I
e(0)e(3) − 1
2
∫
I
e(0)ψ¯
i
(0),+ψ(3)i,− (3.33)
such that the variation of the regularized action is indeed given by an expression of the form (3.30). It is reasonable
to expect that the counterterms (3.31) and (3.32) are sufficient to cancel all divergences appearing in the expansion
of δ
∫
M d
4xLsugra =
∫
d 3xΘr with Θr = 1κ2 ee
iˆiδωirˆiˆ +
1
2 ψ¯iΓ
ijγ rˆδψj . However, this has not been explicitly verified
due to the large number of terms generated.
With the above choice of counterterms, the stress-tensor and the supercurrent are found to be
T iˆi =
3
κ2
eiˆi(3) + ψ¯
(i
(0)ψ
iˆ)
(3) −
1
2
ψ¯k(0)γkγ
iψiˆ(3), (3.34)
J i = −ψi(3) . (3.35)
These fields obey the following constraints obtained from the bulk equations of motion (see (3.13)):
γiJi = 0, e
iˆi
(0)Tiˆi +
1
2
J¯ iψ(0)i = 0, (3.36)
D
(0)
i (ω)J
i =
κ2
2
T ijγjψ(0)i,+, D
i
(0)Tiˆi = O(ψ
2).
E. Boundary gauge invariance
The supergravity action (3.1) is gauge invariant under diffeomorphisms and supersymmetry transformations only
up to boundary terms. We have shown that a generic variation of the regularized action can be written on-shell as
(3.30). Using the constraints (3.36), one can now analyze if the action is invariant under all gauge transformations
also at the conformal boundary6.
Varying the regularized action under the supersymmetry transformations (3.28), we obtain
δSreg =
∫
I
d 3x
[
e(0)ǫ¯+
(
κ
2
T iˆiγiˆψ(0)i,+ −
1
κ
D
(0)
i (ω)J
i
)
+
1
κ
e(0)ǫ¯−γiJ
i
]
+
1
κ
∫
∂I
d 2xe(0)ǫ¯+J
iNi , (3.37)
where N i is the normal at the boundary ∂I of the conformal boundary I. Thus, we see that the constraints (3.36)
imply the invariance of the regularized action under supersymmetries and special conformal symmetries, up to a
possible term at the boundary of I. The boundary of a constant time slice of AdS in global coordinates is just a
sphere without boundary, but one may consider, for example, AdS in a Poincare´ patch whose flat boundary has a
spatial as well as null infinity. If ∂I is not empty, we conclude that further care has to be taken to study these
boundaries; we will not pursue such an analysis here. To summarize, we have shown that the action is invariant under
supersymmetry, up to boundary terms of codimension 2.
6 We do not consider the boundary at initial and final times in this paper.
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The supersymmetry transformations of the stress-tensor and the supercurrent are straightforward consequences of
(3.29) and the definition (3.36). A direct calculation yields
δǫ±,Λ(3)T
iˆi =
1
κ
(2J iγ iˆ − J iˆγi)ǫ− − 1
2κ
ǫ¯+Γ
iˆjD
(0)
j J
i +
1
2κ
J¯ iˆΓijD
(0)
j ǫ+
(T · ψ(0) · ǫ+)-terms + (J · ψ(0) · ψ(0) · ǫ+)-terms (3.38)
δǫ±J
i =
κ
2
T iˆiγiˆǫ+ + (J · ψ(0) · ǫ+)-terms
We have computed explicitly the terms of higher order in fermions, but we will only need in what follows that such
terms are linear in the stress-tensor or the supercurrent. Another route to deriving these transformations consists
of acting on both sides of (3.30) with a supersymmetry transformation δǫ± . Upon commuting δ with δǫ± , we note
that the left-hand side vanishes, while the right-hand side takes the form (δǫ±T
iˆi+ . . . )δe(0)iˆi + (δǫ± J¯
i+ . . . )δψ(0)i,+.
Setting the coefficients of δe(0)iˆi, δψ(0)i,+ to zero then reproduces the above results.
One can similarly prove the exact invariance of the regulated action under boundary conformal transformations
using (3.36). Proving the invariance under boundary diffeomorphisms directly would require the O(ψ2) terms that
we were unable to find in closed form in (3.13). However, the successive action of two supersymmetries is just a
combination of a diffeomorphism and other gauge transformations. Our previous checks of invariance thus also prove
boundary diffeomorphism invariance. Therefore, we can use diffeomorphism invariance to compute the missing term
in (3.13).
We consider a combination of a boundary diffeomorphism together with a local Lorentz transformation chosen to
maintain the gauge
δξe(0)iˆi =
1
2
ej(0) iˆδξg(0)ij = e
k
(0)iˆD
(0)
(i ξk) . (3.39)
Plugging this variation in (3.30) and requiring that the boundary term vanishes for all diffeomorphisms ξi(0) then
requires
Di(0)T(ik) = J
iD
(0)
k ψ(0)i −Di(0)
(
Jiψ(0)k
)
+
1
4
Dl(0)
(
J iΓ
(0)
kl ψ(0)i
)
− 1
4
κ
(0)
k
jlJ iΓ
(0)
jl ψ(0)i . (3.40)
Using the definition of the stress-tensor (3.34), one can finally obtain the missing piece in (3.13).
F. Boundary conditions
In this section we determine valid boundary conditions that are consistent with supersymmetry. The action
SDir ≡ Sreg provides a variational principle (3.30) suitable to impose Dirichlet boundary conditions on the boundary
fields (eiˆ(0)i, ψ(0)i,+). It is clear from the transformations (3.28) that these boundary conditions are preserved under
supersymmetry for supersymmetry parameters obeying the background Killing spinor equations. This variational
principle is interpreted in AdS/CFT language as specifying the values of the sources dual to the boundary operators.
The linear analysis performed in section II reached the conclusion that Neumann boundary conditions exist for the
massless Rarita-Schwinger fields appearing in supergravity. Now, it is straightforward to extend this analysis to the
non-linear case by considering the Legendre-transformed action
SNeu = SDir −
∫
I
d3x
(
e(0)T
iˆie(0)iˆi + e(0)J¯
iψ(0)i,+
)
, (3.41)
which is stationary under the Neumann boundary conditions δ(e(0)T
iˆi) = δ(e(0)J¯
i) = 0. It follows from the linearity
of the supersymmetry transformations (3.38) in the stress-tensor and the supercurrent that the particular boundary
condition
T iˆi = 0, J i = 0 (3.42)
is preserved under supersymmetry and special conformal supersymmetry transformations. Because the Neumann
action reduces to the Dirichlet action upon imposing the boundary conditions (3.42), it follows from section III E that
SNeu (with (3.42)) is also gauge invariant under all local diffeomorphism, Weyl, and supersymmetry transformations.
It is clear from (1.4) that these Neumann boundary conditions conserve the renormalized symplectic structure. Based
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on the corresponding results for pure gravity [18] and linearized spin-3/2 fields (Section II E), we conjecture that the
renormalized symplectic structure for the Neumann theory is indeed finite, though we leave rigorous verification of
this for future work. Following [18] (see also [10]), it should also be possible to show that the charges associated with
the gauge symmetries vanish for the boundary conditions (3.42).
The theory described by four-dimensional supergravity with boundary conditions (3.42) can therefore be thought
of as a three-dimensional conformal supergravity theory. In the context of the AdS/CFT correspondence, this theory
has been interpreted as the induced gravity theory of the dual CFT [18].
Relevant or marginal deformations of the boundary CFT correspond to adding a boundary action to SNeu as
SNeu,def = SNeu + Sbnd[e
iˆ
(0)i, ψ(0)i,+]−
δSbnd
δeiˆ(0)i
eiˆ(0)i −
δSbnd
δψ(0)i,+
ψ(0)i,+, (3.43)
where Sbnd[e
iˆ
(0)i, ψ(0)i,+] = λ(0)
∫
I d
3xLbnd contains only terms with mass dimension less than or equal to 3. The
general boundary action satisfying such requirements and admitting N = 1 supersymmetry is the supersymmetric
cosmological topologically massive gravity (SCTMG) [55, 56] (see also [57, 58]),
Lbnd = 1
2κ2(0)
e(0) (R(0) − 2Λ(0))−
e(0)
2
(
ψ¯(0)iΓ
ijk
(0)D
(0)
j ψ(0)k +
i
2l(0)
ψ¯(0)iγ5Γ
ij
(0)ψ(0)j
)
+ Ltop
=
1
2κ2(0)
e(0) (R(0) − 2Λ(0)) + i
2
εijkψ¯(0)iγ5
(
D
(0)
j ψ(0)k +
i
2l(0)
γ5γ(0)jψ(0)k
)
+ Ltop, (3.44)
where Λ(0) = −1/l2(0), ε012 = +1, and ǫrijk = ǫijk (rˆ = 2). The unusual γ5 matrices appear because we are using a
four-dimensional representation of the three-dimensional Clifford algebra. The “topological” term is
Ltop = 1
8κ2(0)µ
∫
εijk
(
R
(0) iˆjˆ
ij ω(0)kiˆjˆ +
2
3
ω
(0)ˆijˆ
i ω
(0) kˆ
jiˆ
ω(0)kkˆjˆ
)
+
iµ
4
∫
e−1(0)R¯
i
(0)γ5γ(0)jγ(0)iR
j
(0)
where Ri(0) = ε
ijkD(0)jψ(0)k.
It is important to note that the spin connection ωiˆjˆ(0)i is not an independent field in this action. By construction of
the action, it is a solution of D
(0)
[µ (ω(0))e
(0)µˆ
ν] =
κ2(0)
4 ψ¯
(0)
µ γµˆψ
(0)
ν . Now, the latter equation is precisely the leading order
behavior of the definition of the spin connection in the bulk (3.3). To have a consistent coupling of the bulk and
boundary theories, we are forced to impose κ(0) = κ. It will be seen below that this is also required for supersymmetry.
The total action (3.43) then provides a valid variational principle for the boundary conditions
T i
iˆ
+
1
e(0)
δLbnd
δeiˆ(0)i
= 0, J¯ i +
1
e(0)
δLbnd
δψ(0)i,+
= 0, (3.45)
which are namely the equations of motion of SCTMG coupled to the boundary stress-tensor and supercurrent.
Let us now study the gauge symmetries of the deformed theory. First, the Einstein-Hilbert and cosmological term
break Weyl invariance. The topologically massive gravity is invariant under the supersymmetry transformations
δαe
iˆ
(0)i =
κ(0)
2
α¯γ iˆψ(0)i, (3.46)
δαψ(0)i =
1
κ(0)
(D
(0)
i +
i
2l(0)
γ5γ(0)i)α. (3.47)
In order to obtain a supersymmetric deformation, the crucial point is to match these supersymmetry transformations
with the transformations following from the bulk action (3.28). We observe that these conditions are met only for the
following particular combination of the supersymmetries
ǫ+ = α, ǫ− =
i
2l(0)
γ5α . (3.48)
It then follows from arguments similar to those given in the pure Neumann case that the mixed boundary conditions
(3.45) are also preserved by the supersymmetry transformations (3.28). Therefore, we conclude that there exists a
family of relevant and marginal deformations of the Neumann theory characterized by the 3-parameters (λ(0), l(0), µ).
19
The boundary supersymmetry is a particular combination of large bulk supersymmetries that preserve the Fefferman-
Graham asymptotic expansion and depend on the value of the boundary cosmological constant l(0).
In general, these deformations preserve N = 1 supersymmetry but break special conformal supersymmetry and
Weyl invariance. In the special case where there is no boundary cosmological term or boundary Einstein term, the
gauge symmetries are enhanced to the full N = 1 superconformal invariance since the marginal “topological term” is
itself invariant under Weyl rescaling and under any supersymmetry transformation (3.28).
IV. DISCUSSION
In this work, we have investigated linear Rarita-Schwinger fields in Lorentzian AdSd with a mass term mψ¯µΓ
µνψν .
This analysis covered in particular the gauge invariant “massless” fields with m = d−22lAdS , which are relevant to the
massless multiplet in supergravity theories. Under the standard notion of normalizeability, Rarita-Schwinger fields
in AdS admit mixed Dirichlet-Neumann boundary conditions in the mass range 0 ≤ |m| < 12ladS , matching exactly
the corresponding range for spin-1/2 fields [8]. For the mass range |m| ≥ 12lAdS , which includes the “massless”
Rarita-Schwinger fields, only Dirichlet conditions are allowed according to the standard notion of normalizeability.
We argued that for any mass, the Rarita-Schwinger action can be “renormalized,” so that it is finite and obeys
a well-defined variational principle. According to the procedure developed in [18], it should therefore be possible to
renormalize accordingly the symplectic structure and allow Neumann-type boundary conditions for any mass. The
minimal counterterms have been computed up to |m| ≤ 32lAdS , and normalizeability was explicitly checked for the
parameter range 1/2 < m ≤ 1, d ≥ 3, which includes the particularly interesting case of massless fields in d = 4.
The results for massless Rarita-Schwinger fields in d = 4 have been used to explore supersymmetric boundary con-
ditions for N = 1 AdS4 supergravity in which the metric and Rarita-Schwinger fields are fluctuating at the boundary.
Using the AdS/CFT dictionary, Neumann boundary conditions in d = 4 supergravity correspond to gauging the
superconformal group of the 3-dimensional CFT describing M2-branes and path-integrating the boundary supergrav-
ity multiplet. Supersymmetry and conformal supersymmetry have been shown to be exact gauge invariances of the
renormalized action. This implies that the boundary Neumann theory is supersymmetric and conformally invariant
in the large N approximation. We notably obtained the expressions for the boundary stress-tensor multiplet and its
supersymmetry transformations. We pointed out that relevant and marginal N = 1 supersymmetric deformations of
the induced supergravity theory are obtained by coupling the theory to N = 1 superconformal topologically massive
gravity. In general, Weyl invariance is then broken, but N = 1 supersymmetry is preserved.
It is important to address whether or not the Neumann theories are unitary. While it is difficult to conclusively
answer this question in the affirmative, we can at least check certain necessary conditions for unitarity, namely the
unitary bounds obeyed by CFT operators dual to the bulk fields (see e.g. [6, 59, 60]). We now address this issue in
some detail for theories of linearized bulk fields.
In a n ≡ d− 1 dimensional CFT, a scalar operator is required to have a conformal dimension bounded from below
as ∆ ≥ n−22 so that none of its descendants have negative norm7. Using the AdS/CFT dictionary, scalar fields of mass
m2 are dual to operators of dimension ∆±(∆±−n) = m2, depending if one imposes Dirichlet (∆+) or Neumann (∆−)
boundary conditions. Operators of dimension ∆+ always obey the unitary bound, while operators of dimension ∆−
are consistent with unitarity only for m2 ≤ −n24 + 1. This upper bound for the mass corresponds in the bulk to the
upper limit of the Breitenlohner-Freedman mass range. More precisely, the condition for both linearly independent
modes to be normalizeable is m2 < −n24 + 1, so it may be interesting to study the borderline case m2 = −n
2
4 + 1
(when the unitarity bound is saturated) more carefully.
Constraints on spin-1/2 fields in supersymmetric CFTs were obtained in [59]. Spin-1/2 primary fields should have
a dimension bounded by ∆ ≥ n−12 . Using the AdS/CFT dictionary, we have ∆± = n2 ±|m|. If the dual CFT operator
is a primary spin-1/2 operator or a descendant thereof, we then see that the dimension of the dual CFT operator in
the Dirichlet theory always satisfies the unitarity bound, while for the Neumann theory the bound implies |m| ≤ 12 .
This bound corresponds in the bulk to the normalizeability bound |m| < 12 [8] (except once again for the borderline
case |m| = 12 ).
For spins s ≥ 1, the analysis becomes more involved due to the presence of gauge freedom. Gauge invariant
primary vector operators obey the unitarity bound ∆ ≥ n− 1. For Maxwell theory in AdS with Dirichlet boundary
conditions, this bound is saturated for the conserved current dual to the boundary vector field. In the Neumann
theory, the dual operator is a vector potential of dimension ∆ = 1, which appears to violate the bound. However,
7 There are, however, some cases of scalar operators with ∆ = 0 that preserve unitarity [59].
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the unitarity bound actually does not apply since the boundary operator is not gauge invariant. The analysis of
massless spin-3/2 and spin-2 fields is quite similar because once again there is gauge freedom, namely the fermionic
supersymmetry-type transformations or diffeomorphisms. For Neumann boundary conditions, the operator dual to
the source in the bulk is not gauge invariant, and therefore, unitarity of these theories cannot be ruled out using the
unitarity bounds derived in [59]. For massive spin-3/2 theories, the dimensions of Dirichlet and Neumann operators
are given by ∆± =
n
2 ±|m| and the bound for gauge invariant primary operators obtained in supersymmetric CFTs is
∆ ≥ n− 12 . We can apply the unitarity bounds only if the operators dual to the sources are spin-3/2 primary operators
or descendants of spin-3/2 operators, though it is not clear whether or not this hypothesis is justified. Assuming that
this statement does hold for the sake of argument, the unitarity bounds imply that Neumann boundary conditions
for massive Rarita-Schwinger fields lead to ghosts (i.e., violation of unitarity). Moreover, in contrast to the lower spin
cases, the unitarity bound implies a lower bound on the mass of the Rarita-Schwinger field for the Dirichlet theory.
In particular, the mass has to be greater than the “massless” value, |m| ≥ m0 = n−12 . This is satisfied, for example,
for spin-3/2 fields appearing in Type IIB supergravity on AdS5 × S5 [47].
In summary, the unitarity of the Neumann theory of massless Rarita-Schwinger fields (m = d−22 ) cannot be ruled
out by simple application of the unitary bounds of the dual CFT. Now, we have seen in section II F that Rarita-
Schwinger fields with masses m = (1/2 + Z)/lAdS (which includes the massless case in odd bulk dimension d) admit
a real Euclidean pole in the propagator because of the presence of a logarithm. Therefore, the linear theory breaks
conformal invariance and is unstable because of the presence of tachyons. This result is naturally understood if these
Rarita-Schwinger fields belong to a supergravity multiplet. Half-integer masses then correspond to even-dimensional
boundaries, where gravitational anomalies break conformal invariance [48]. Also, the induced gravity theory obtained
by imposing Neumann boundary conditions has been shown to be perturbatively unstable around the flat space
boundary [18]. The usual stability argument based on supersymmetry seems not to apply because of the presence of
ghosts. On the contrary, masses m = (d− 2)/2lAdS for even d can be argued to lead to unitary and stable Neumann-
type theories. Indeed, in this case, the Rarita-Schwinger fields belong to a supergravity multiplet and, as shown in
[18], unitarity and stability hold for the linearized graviton around flat space.
One can ask how the results for N = 1 supergravity generalize to theories with extended supersymmetry. We expect
that the entire N = 8, d = 4 supergravity supermultiplet obtained from reducing 11d supergravity to AdS4 × S7 will
induce the N = 8 superconformal multiplet at the boundary. Indeed, the fact that N = 8 superconformal gravity
can be coupled to the Bagger-Lambert-Gustavsson theory [39] seems to indicate that this is true. It has been argued
that supergravity on AdS4 × C4/Zk will be only N = 6 supersymmetric for general k in accordance with the dual
CFT [41]. In that case, the N = 6 supergravity multiplet is expected to induce the superconformal N = 6 multiplet
at the boundary.
It would be interesting to perform a similar analysis of boundary conditions for the vector and gravitino super-
multiplets. Another direction for future investigation is to follow the procedure of renormalizing the symplectic
structure for spin-0, spin-1/2, and spin-1 fields. Scalar fields with m2 = − (d−1)24 + 1, massive spin-1/2 fields with
mass m = 1/2, and U(1) gauge fields, might be particularly interesting because the Neumann theories do not appear
to violate unitarity bounds.
Recently, the AdS/CFT correspondence has been applied as a mapping between strongly-coupled CFTs in the
long wavelength (i.e., hydrodynamic) limit and AdS gravity, see e.g. [61]. One can further include electromagnetic
fields, leading to the magneto-hydrodynamics equations with fixed external sources [62]. Bulk spin-3/2 excitations
have been interpreted in the CFT as “phonino” fluctuations [63]. In these approaches, Dirichlet boundary conditions
are enforced, implying that the boundary fields are non-dynamical. It might be interesting, however, to explore this
aspect of gauge/gravity duality with Neumann or mixed boundary conditions, where the boundary fields are also
allowed to vary.
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APPENDIX A: CONVENTIONS
Our conventions throughout this paper are as follows. Greek letters µ, ν, λ, . . . denote spacetime indices and hatted
letters µˆ, νˆ, λˆ . . . = 0, 1, 2, . . . denote indices on a flat internal space. The flat-space gamma matrices satisfy {γµˆ, γνˆ} =
2ηµˆνˆ , where ηµˆνˆ is the metric of Minkowski space with signature (− + + . . .). The Hermitian conjugate of a gamma
matrix is then γ†µˆ = γ0γµˆγ0. For a given spacetime metric gµν , we can define an orthonormal frame {eµˆµ} which
satisfies eµˆµe
νˆ
νηµˆνˆ = gµν . We denote e = det e
µˆ
µ. The curved space gamma matrices are given by projecting with
the orthonormal frame γµ = e
νˆ
µγνˆ and satisfy γ(µγν) = gµν . We further define the antisymmetrized gamma matrices
Γµ1...µn = γ[µ1 . . . γµn] and the Dirac conjugate of a spinor ψ = iψ†γ0. We assume that all spinors are anticommuting
fields. Our conventions for the Riemann tensor are Rµνκˆρˆ ≡ ∂µωνκˆρˆ + ωµκˆλˆω λˆν ρˆ − (µ ↔ ν) and Rµκˆ ≡ eνρˆRµνκˆρˆ,
R ≡ eµκˆRµκˆ.
In four dimensions, Majorana fields obey the condition ψµ = ψ
T
µC, where C is the charge conjugation matrix
satisfying CγµC
−1 = −γTµ and CT = C−1 = C† = −C. We frequently use the flip identity ψνγµ1 . . . γµnχσ =
(−1)n χσγµn . . . γµ1ψν for any Majorana fields ψν , χσ. We define γ5 ≡ γ1γ2γ3iγ0, which anticommutes with all γµ.
Our convention for the Levi-Civita tensor is ε0123 = +1 = −ε0123. Our choice for the orientation of surfaces of
constant radial coordinate is given by εΩijk = −εijk in the coordinates defined by (2.16) or εrijk = +εijk in the
coordinates defined by (3.8). The tensor ǫµˆνˆκˆρˆ is given by e−1εµˆνˆκˆρˆ.
APPENDIX B: ASYMPTOTIC EXPANSIONS
The vielbein and the two projected Rarita Schwinger vector-spinors admit the expansions (3.10) in the gauge (3.9).
The inverse vielbein is ei iˆ = ei iˆ(0)e
−r − ei iˆ(2)e−3r − ei iˆ(3)e−4r +O(e−5r), where ei iˆ(2) ≡ ei(0)jˆe
jˆ
(2)je
jiˆ
(0) and similarly for e(3).
Note that eiˆi(2) ≡ eiˆ(2)jgij(0) is in general different than ei iˆ(2). However, one can use the local Lorentz transformations
(3.27) to further fix the gauges e(0)ˆi ie
iˆ
(2)j =
1
2g(2)ij and e(0)ˆi ie
iˆ
(3)j =
1
2g(3)ij , where g(2)ij and g(3)ij are the usual
metric Fefferman-Graham coefficients
γij = e
2rg(0)ij + g(2)ij + e
−rg(3)ij +O(e
−4r) . (B1)
The extrinsic curvature is defined as Kij =
1
2∂rγij . Expanding the definition of the spin connection (3.3), we obtain
the leading term
D
(0)
[i e
iˆ
(0)j] =
κ2
4
(
ψ¯(0)i,+γ
iˆψ(0)j,+
)
, (B2)
where the derivative D(0) = ∂ + ω(0) is associated with the leading part of the connection ω. Expanding the spin
connection in more detail, one can get the following expansions used in the main text,
ω iˆjˆr = e
k[ˆi∂re
jˆ]
k +
κ2
2
ψ¯
[ˆi
−ψ
jˆ]
+ =
κ2
2
ψ¯
[ˆi
(2),−ψ
jˆ]
(0),+e
−2r +
κ2
2
ψ¯
[ˆi
(3),−ψ
jˆ]
(0),+e
−3r +O(e−4r)
ω jˆrˆi = e
kjˆKik − κ
2
4
(ψ¯i,−ψ
jˆ
+ − ψ¯i,+ψjˆ−)
= ejˆ(0)ie
r + e−r(−ejˆ(2)i −
κ2
4
(ψ¯(2)i,−ψ
jˆ
(0) − ψ¯(0)i,+ψjˆ(2),−)) (B3)
+e−2r(−2ejˆ(3)i −
κ2
4
(ψ¯(3)i,−ψ
jˆ
(0) − ψ¯(0)i,+ψjˆ(3),−)) +O(e−3r)
ω iˆjˆi = e
0rωiˆjˆ(0)i +O(e
−2r)
The expansions of the Ricci tensor and the stress-tensor can be obtained straightforwardly, but are not given here.
Lastly, we record several results that were used in the main text. For the Rarita-Schwinger field, the form of the
Fefferman-Graham coefficient ψ(4)i,+ is given by
ψ(4)i,+ =
1
3
/D(0)ψ(3)i,− +
1
2
eiˆ(3)iγ
jγiˆψ(0)j,+ + (ψ(0),+ · ψ(0),+ · ψ(3),−)-terms , (B4)
22
where (ψ(0) · ψ(0) · ψ(3))-terms are higher order terms linear in ψ(3),− and its first derivative and bilinear in ψ(0)i,+
and its first derivative. For the supersymmetry-generating parameter ǫ, we note
ǫ(3),+[ǫ−, ǫ+, ξ
r] = −κ
2
4
(ǫ¯−ψ
i
(0),+ − ǫ¯+ψi(2),−)ψ(0)i,+ −
κ
2
∂iξrˆψ(0)i,+ +
κ2
16
ψ
[ˆi
(2),−ψ
jˆ]
(0),+Γiˆjˆǫ+,
ǫ(4),−[ǫ−, ǫ+, ξ
r] = −κ
2
4
(ǫ¯−ψ
i
(0),+ − ǫ¯+ψi(2),−)ψ(2)i,− −
κ
2
∂iξrˆψ(2)i,− +
κ2
16
ψ
[ˆi
(2),−ψ
jˆ]
(0),+Γiˆjˆǫ−
ǫ(4),+[ǫ+] =
κ2
6
ǫ¯+ψ(3),−ψ(0)i,+ +
κ2
24
ψ¯
[ˆi
(3),−ψ
jˆ]
(0),+Γiˆjˆǫ+ . (B5)
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